We consider a discrete (finite-difference) analogue of differential forms defined on simplicial complexes, in particular, on triangulations of smooth manifolds. Various operations are explicitly defined on these forms including the exterior differential d and the exterior product ∧. The exterior product is nonassociative but satisfies a more general relation, the so-called A∞ structure. This structure includes an infinite set of operations constrained by the nilpotency relation (d + ∧ + m + · · · ) n = 0 of the second degree, n = 2.
Introduction
As is known, two operations are naturally defined on the space of ordinary differential forms: the linear exterior differential (the de Rham differential) d and the bilinear exterior multiplication ∧. They satisfy three quadratic relations: the nilpotency of d: d 2 = 0, i.e., d(df ) = 0 for any form f ; the Leibnitz rule:
the associativity of ∧:
for any f , g, and h.
These relations can be written as a single nilpotency relation:
Equation (1) is often used as a basic relation for constructing topological field theories [1] . A natural deformation of (1) in the BRST-BV formalism [2] is the A ∞ structure [3] , which is written symbolically as
and contains an infinite sequence of k-linear operations with all natural numbers k. The exterior differential d = m (1) and exterior product ∧ = m (2) are just the first two members of this chain. More accurately, (2) is an infinite collection of quadratic relations: i.e.,
etc. It has often been claimed (see, e.g., [4] ) that the A ∞ structure is a natural property of a discrete de Rham complex, i.e., it must arise in the study of finite-difference forms on simplicial complexes [5] , in particular, on triangulations of manifolds. Despite certain progress in investigating this idea (see, e.g., [6] , [7] ), it has not attracted the attention that it deserves, and an explicit realization is still lacking. Once established, such construction should have further generalizations to higher-order nilpotents in the spirit of nonlinear algebra [8] . Such generalizations are expected to provide new tools for studying a wide variety of applications from topology to string theory. Our goal here is to present explicit formulas describing discrete forms on simplicial complexes, operations on the space of these forms, and relations between these operations. This realization of the quadratic A ∞ structure shows all the advantages of an explicit description and naturally generalizes to the cubic case n = 3 and higher orders n.
Basic one-dimensional example
We begin with a simple example of discrete forms and operations. We consider a one-dimensional discrete space, in other words, a graph. Such a space contains points (vertices) and edges between some of them. A function (0-form) f is defined on the vertices, and a 1-form ψ is defined on the edges. In what follows, f i is the value of f at the vertex i and ψ ij is the value of ψ.
The differential d.
The exterior differential (exterior differential) of a function df is the 1-form whose value on the edge ij is the difference between the values of f at the two ends of the edge:
The differential of a 1-form in a one-dimensional space is zero. Therefore, the identity d 2 = 0 is trivially satisfied.
The product ∧.
The product of two functions has the simple form
A natural definition for a product of a function f and a 1-form ψ is again a 1-form given by (f ∧ ψ) ij = (ψ ∧ f ) ij = 1 2 (f i + f j )ψ ij for all i, j.
A product of two 1-forms in a one-dimensional space is zero. 
The Leibnitz rule
d(f ∧ g) = df ∧ g + f ∧ dg.(10)
